The purpose of this note is to prove the Hodge conjecture for a five dimensional smooth projective complex variety X possessing sufficiently many rational curves.
Lemma 1 (Conte-Murre). The Hodge conjecture holds for a smooth projective uniruled fourfold over C.
The idea is that since a uniruled fourfold is dominated by a blow up of a product of P 1 with a threefold Y , its interesting cohomology "comes from" the lower dimensional varieties Y and the centers of the blow ups. We will give a more precise explanation later. A similar argument would be sufficient to prove the main theorem when f : X Y is fiberwise unirational i.e. if the map is dominated by a blow up of P 5−dim Y × Y . In general, however, a more sophisticated argument is needed. The key trick is the following lemma of Bloch that we learned from the papers of Esnault [E] and Kim [Ki] .
Lemma 2 (Bloch) . Let X be a smooth rationally connected variety over an algebraically closed field K, then a positive multiple of the diagonal ∆ ⊂ X × X is rationally equivalent to a sum ξ × X + Γ, where ξ ∈ Z 0 (X) is a zero cycle, and Γ is supported on X × Z for some proper closed subset Z ⊂ X.
The original statement is a bit stronger [B, E] , but we won't need it. In order to keep our presentation reasonably self contained, we give a geometric proof of the result in its present form.
Proof. Rational connectedness means that any two general points can be joined by an irreducible rational curve. More precisely [Ko, thm II 2.8, IV def 3.2] , there is a morphism R :
is dominant. Fix a general point x 0 ∈ X. Consider the maps F → X × X given by the composition of 0 × ∞ × id F and R, and X → X × X given by x 0 × id X . Let U = F × X×X X be the fiber product. The restriction of R gives a morphism r : P 1 × U → X, with r(0, u) = x 0 such that g : U → X given by g(u) = r(∞, u)
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is dominant. After replacing U by the normalization of K(X) in K(U ), we can assume that dim U = dim X. Thus we have a commutative diagram
where π 2 are projections to the second factor, and q(t, u) = (r(t, u), g(u)). We see
Corollary 1. Suppose that f : X → Y is a morphism of varieties such that the fibers of f are rationally connected. Then there exists a nonempty open subset
Proof. The geometric general fiber Xη = X× Y SpecK(Y ) is rationally connected by (the proof of) [Ko, thm IV 3.11] . The previous lemma applied to the Xη, produces cycles,
′ times a positive integer N . These cycles and the data defining the rational equivalence are defined over a finite extension of K(Y ). Therefore they can be spread out to relative cycles ξ ′′ , Z ′′ , Γ ′′ and data on XṼ , for some generically finite mapṼ → Y . We then have N times the relative diagonal of XṼ is rationally equivalent to ξ ′′ × Xη + Γ ′′ on the fibers of XṼ . Now let ξ, Z, Γ be the pushforward of ξ ′′ , Z ′′ , Γ ′′ onto X V where V = im(Ṽ ). Then (degṼ /V )N ∆ will be rationally equivalent to ξ × X + Γ on the fibers, and the support of Γ will lie in X × S Z.
From now on, we assume our varieties are complex. Cohomology is singular cohomology with rational coefficients. These groups carry mixed Hodge structures, but we will omit Tate twists, unless they seem essential. Given a smooth projective variety X and closed subset Z, we want to be able to reduce the verification of the Hodge conjecture on X into a separate verifications on Z and X − Z. Here we use Jannsen's formulation [J] for the Hodge conjecture for singular or nonproper varieties, which says that the space of rational (−p, −p) cycles in the pure part of Borel-Moore homology Gr W −2p H 2p (X) consists of algebraic cycles. In other words, this space is spanned by fundamental classes of p-dimensional subvarieties of X. When X is smooth, we can formulate this in compactly supported cohomology thanks to the duality isomorphism
It is worth noting that this form of the Hodge conjecture for general X would follow from the usual Hodge conjecture on a desingularization of a compactification of X [J, thm 7.9] .
Lemma 3.
(1) If X is an open subset of a smooth projective varietyX, then the Hodge conjecture holds for H 2p c (X), i.e. rational (p, p) cycles in it are all algebraic if the conjecture holds for H 2p (X). (2) If X is projective with a desingularizationX → X, then the Hodge conjecture holds for H 2p (X) i.e. rational (−p, −p) cycles in it are all algebraic if the same statement holds for H 2p (X) i.e. if the usual form of the conjecture holds for H 2(dim X−p) (X). (3) Suppose that X is a projective variety with a closed subset Z ⊂ X. If the Hodge conjecture holds for H 2p (Z) and H 2p (X − Z), then it holds for H 2p (X).
Proof. The proof of the first two statements are essentially contained in the arguments on [J, pp. 113-114] . In summary, for (1), we use the injectivity of Gr
to reduce the Hodge conjecture for H 2p c (X) to the corresponding statement H 2p (X). For (2), we use the surjectivity of H 2p (X) → Gr W −2p H 2p (X) to achieve a similar reduction. For the third statement, we use the exact sequence of mixed Hodge structures
to obtain an exact sequence of pure Hodge structures As a prelude to the proof of the theorem, let us sketch a proof of lemma 1.
Proof of lemma 1. Given a uniruled fourfold X, it is dominated by a blow upX of P 1 × Y with dim Y = 3. Since any Hodge cycle can be lifted toX, it suffices to prove the conjecture for this. NowX can be decomposed into a disjoint union of strata of the form C i × S with dim S ≤ 3. Part 3 of the previous lemma shows that it suffices to check the Hodge conjecture for these strata. By part 1 of the lemma, it suffices to do this for compactifications P i ×S. But this follows immediately from Künneth's formula. Theorem 1. Let X be a smooth projective five dimensional variety over C, such that the base of the maximal rationally connected fibration is at most three dimensional. Then the Hodge conjecture holds for X.
Proof. It is enough to check the Hodge conjecture for H n (X) for n = 4, since the other cases would follow from the Lefschetz (1, 1) theorem when n = 2, or by previous cases and Hard Lefschetz when n ≥ 6. Let f : X Y be maximal rationally connected fibration. Since the validity of the Hodge conjecture for X is implied by its validity on any smooth blow upX → X, we can assume that f is a morphism. Note that all the fibers of f are rationally connected by [Ko, thm IV 3.11] .
